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Abstract. In this paper, we recast a special case of Mahler'c 
conjecture by the maximum value of box splines. This is the case 
of polytopes with at most 2n + 2 facets. An asymptotic formula 
for univariate box splines is given. Based on the formula, Mahler's 
conjecture is proved in this case provided n is big enough. 



1. INTRODUCTION 

Let K he a symmetric convex body in R", and let K* be its polar 
{x : \ {y,x) \ < 1 for all y G K}. An old conjecture of Mahler is 

(1) yo\{K) ■ vo\{K*) > —. 

We note that an ra-dimensional parallelepiped, which has 2n facets, 
gives equality in ([1]). So, the first non-trivial case of Mahler's conjecture 
is the symmetric convex body K with 2n + 2 facets. Such K can be 
realized, up to affine invariance, as a one-codimensional section of an 
(n + l)-dimensional cube. This case has been raised as a separate 
problem by Ball pQ . Ball also shows an interesting relation between the 
special case of Mahler's conjecture and solutions of a scaling equation. 
For each r G M, we set 

(2) Mr) ■■= yo\{{H + rA)nQn) 

where Qn '■= [— ^ := (ai,...,a„) is an unit vector and H : = 
(A)^. Throughout this paper, without loss of generality, we suppose 
< Oi < a2 < ■ ■ ■ < dn- In particular. Ball shows that the special case 
of Mahler's conjecture is equivalent to 



(3) VAiO)-E 



> 1, 



k=l 

where Ek is a sequence of mutually independent random variables with 
distribution P{1} = P{— 1} = 1/2. In [7], the authors prove ([3]) for 
n < 8 by reducing the problem to a search over a finite set of polytopes 
for each fixed dimension. 
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An interesting observation is that v^a(") is a box spline, a popular 
tool in approximation theory. Therefore, we can recast the special case 
of Mahler's conjecture by the maximum value of box splines. Using 
the saddle point approximation in statistics, we give an asymptotic 
formula of y:>A{')- Based on the asymptotic formula, we obtain the 
following result: 

Theorem 1. Suppose that there is a constant cq so that a„/ai < cq for 
any n. Then there exists a positive integer Nq^cq) so that 



<^a(0) • E 



n 
k=l 



> 1 



when n > Nq^cq). 



This paper is organized as follows. In Section 2, we introduce box 
splines and show the relation between box splines and the special case 
of Mahler's conjecture. In Section 3, we use the saddle point approxi- 
mation to give an asymptotic formula of univariate box splines. Section 
4 presents the proof of Theorem [TJ 



2. Box SPLINES 

Suppose that M is a s x n matrix. The box spline B{-\M) associated 
with M is the distribution given by the rule [21 E] 



(4) / B{x\M)(f){x)dx = / (f){Mu)du, G ^(R"). 

J]R= •''[0,1)" 

By taking (p = exp{—i(-) in (jlj), we obtain the Fourier transform of 
B{-\M) as 

(5) %|M) = Jj 1-^xpHC^'».) . ^eC. 

j=i J 

The following formula shows the relation between box splines and the 
volume of the section of unit cube (see |4], page 2): 

(6) Bixm ^ -;"(^"t°'^)"\ 

^ ^ ^ ' ^ v/|det(MM^)| 

where P := {y : My = x,y E R" }. Set A := (ai, . . . , a„). Recall that 
J2j '^i = 1 < ai < 02 < • ■ ■ < a„. Then combining ([2]) and Q 
we have that 

ipA{-) =B{- + {ai + --- + an)/2\A). 
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Also, noting B{-\A) reaching the maximum value at (ai+a2+- ■ ■+an)/2, 
(13]) is equivalent to 

maxi?(x|y4) > 



3. An asymptotic formula of univariate box splines 

In this section, we shall present an asymptotic formula of B{-\A). In 
[8], Unser et. al. proved that B{-\A) tends to the Gaussian function 
as n increase provided ai = 02 = ■ ■ ■ = ctn- Here, using the saddle 
point approximation in statistics, for the general matrix A, we can 
show the box spline B{-\A) also converges to the Gaussian function as 
n increases: 

Theorem 2. 

lim B{x\A) = y67vrexp(-6(s - Va,/2)2), 

j 

where the limit may be taken pointwise or in L^(R), p G [2, 00). 

Proof. The saddle point approximation of B{-\A) is (see Theorem 6.1 
and 6.2 in [5]) 

(7) (27r)V2|i^^^(,,)|i/2 ^"P(^(^o)-^ox). 
Here, 

and So satisfies K'{sq) = x. We can consider sq as a function of x. So, 

(8) K\so)-x = 

defines an implicit relationship between sq and x. Noting K'{0) = 
(ai + - ■ ■ + a„)/2, the equation ([8]) implies that So((ai + - ■ ■ + a„)/2) = 0. 
Also, by ([8]), we have 

(9) K"{so)s',-l = 0, 
which implies that 

s[,((ai + --- + aO/2) = 1/K"{0) = 12/^0^^ = 12. 

j 

Using the similar method, we have 

s'oiiai + ■■■ + an)/2) = 0, 
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'n] 



+ ■ ■ ■ + a„)/2) = 864 1^ = ^(V 

Using Taylor expansion at (ai + ■ ■ ■ + an)/2, one has 
(10) So(x) = 12-(x-(ai + --- + a„)/2) + 0(l/n). 

Also, by ([9]), we have 

ir"(so) = 1/s', = l/12 + 0(l/n). 
Combining Taylor expansion of K{-) at and flTUl) . one has 

^(^5o) = 6(^aj)(x-(ai+---+a„)/2)+6(x-(ai+---+a„)/2)2+0(l/ 



By (ITOl) . we have 

So ■ X = 12(x — (oi + • • ■ + a„)/2)x + 0(l/n) 

= 12(x - (ai + • • ■ + a„)/2)2 + 6(^ a,)(x - (ai + • • ■ + a„)/2) + 0(1/ 

i 

From ([7j), the saddle point approximation of B{x\A) is 

(-6(x- ^aj/2)2) + 0(l/n). 

i 

The properties of the saddle point approximation imply this theorem. 

□ 

4. PROOF OF THE MAIN RESULT 

To prove the main result, we firstly introduce a lemma. 
Lemma 3. Put 
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n] 



F(s) 



Then 



7r 



E 



[1 - |cos(t/v^)nrtt, s > 0. 



E 

fc=i 



Proof. By Lemma 1.3 in |6j, we have 

/ n \ n 



k=l 



k=l 
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Since F is an increasing function (Lemma 1.4 [6j), we have 

(n \ n 

\Y.akeA > Y^alFiaf) > F{af). 
k=l / k=l 

□ 

Proof of Theorem Ql To prove the theorem, we only need to prove that 
there exists a positive integer Nq so that 

maxB{x\A) > ^ ,,^n^ 

when n> No. Theorem [2] imphes that 



(11) hm max B{x\A) = 

Since '^i ~ ^ ^^"^ O'n/O'i < Co, we have hm„^oo 1/0^1 = 00. By [6J, 
we have hm^^oo P{s) = ^J2/-K. We choose Eq so that 

U < £0 < ^ • 

By Lemma [3], there is a positive integer Ni so that 

provided n > Ni. The equation fill I) imphes that there is a positive 
integer A^2(co) so that 



(13) maxB{x 

X 

provided n > N2{co). We set A^o(co) := inaxjA^'i, Ai'2(co)}. Noting that 

V6/V -eo> \/nj2 + Eq, 
combining (fT2!) and (fT3|) . we have 

max5(x|A) > 

when n > Nq{co). □ 
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